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Abstract
A five dimensional braneworld cosmological model in general scalar-tensor action
comprises of various Horndeski Lagrangian is considered. The Friedmann equations
in the case of the strongly and weakly coupled L5 Horndeski Lagrangian have been
obtained. The strongly coupled L5 model produces the Cardassian term ρn with
n = ±1/2, which can served as alternative explanation for the accelerated expansion
phase of the universe. Furthermore, the latest combined observational facts from BAO,
CMB, SNIa, fσ8 , and H0 value observation suggest that the n = −1/2 term lies quite
close to the constrained value. On the other hand, the weakly coupled L5 case has sev-
eral new correction terms which are omitted in the braneworld Einstein-Hilbert model,
e.g. the cubic ρ3 and the dark radiation-matter interaction term χa−4ρ. Furthermore,
this model provides a cosmological constant constructed from the bulk scalar field, re-
quires no brane tension, and supports the big bang nucleosynthesis (BBN) constraint
naturally.
Keywords: Braneworld, Cardassian, Cosmology, Horndeski.
1 Introduction
General relativity (GR) remains among the most successful physics theory at the moment
and still attracts interest of many physicists today. For example, in 2015, LIGO’s finding
on gravitational waves from binary black hole merger that occurred billions of years ago [1]
proved the consistency of the theory.
Despite of its enormous success, GR has some limitations. The most notable one is
the inconsistency with the fact that the universe undergoes an accelerated expansion phase
[2, 3]. Cosmological constant is the simplest modification which solve that inconsistency,
but the theoretical prediction is still dramatically off from the observation i.e. by factor of
10120.
Another explanation for the late acceleration has been given by Freese and Lewis in 2002
[45], where they considered the following modified Friedmann equation
H2 = Aρ+Bρn, (1)
where A ≡ κ24/3 and B is some constant. In the case where n < 2/3 the ρn term is called
the Cardassian term [45] and can be shown to provide an accelerated expansion phase in
the matter dominated era. The Cardassian Friedmann equation (1) can be generalized into
H2 = g(ρ), where g(ρ) is some arbitrary function that is approximately ρ beyond some
threshold high energy scale while still producing the accelerated expansion in the matter
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dominated area. One of the most common models is called the polytropic Cardassian [46]
H2 = Aρ
[
1 +
(
ρcar
ρ
)m(1−n)]1/m
, (2)
where ρcar satisfy Aρcar = Bρ
n
car. It can be seen that when m = 1, equation (2) went back
to (1).
The Cardassian term has been noted by Chung, et al. in Ref. [47] to be originated
from some specific bulk energy momentum tensor TAB in braneworld scenario. Braneworld
scenario is basically a specific scenario when we modify GR by considering a higher (larger
than four) dimensional spacetime. This approach is motivated by some candidates of unifi-
cation theory such as M-theory which predicts that our spacetime is an eleven dimensional
manifold. In particular, Horava-Witten solution suggests that the spacetime is R10×S1/Z2,
where six of the extra dimensions were compactified on a very small scale leading to an
effectively five dimensional theory[4] R4 × S1/Z2 . This assumption leads to a model called
the braneworld model where our 3+1 spacetime is a hypersurface called brane in a five
dimensional bulk [5, 6].
In particular, the first and second modified Friedmann equations in the braneworld model
with Einstein-Hilbert action read [38](
a˙
a
)2
=
κ24
3
ρ− k
a2
+
Λ4
3
+
κ45
36
ρ2 +
χ
a4
, (3)
a¨
a
= −κ
2
4
6
(3p+ ρ) +
Λ4
3
− ρ2κ
4
5
18
− ρpκ
4
5
12
− χ
a4
, (4)
where χ is a constant, σ is the brane tension, Λ4 ≡ 12κ25(Λ5 + 16κ25σ2) is the effective four di-
mensional cosmological constant resulting from the bulk cosmological constant Λ5, κ
2
4 ≡ σ6κ45
is the Einstein’s four dimensional kappa constant, where κ5 is the Einstein’s five dimensional
kappa constant.
The last two terms of (3) are the correction terms for the Friedmann equation. As can
be seen, the braneworld model gives rise to both high energy quadratic matter term, and
low energy correction from the dark radiation term χa−4 and effective cosmological constant
Λ4. It can also be inferred that the brane tension σ contributes to the effective cosmological
constant Λ4 on the brane, so that cosmological constant on the bulk is not mandatory
anymore to provide the acceleration phase. It also can be seen that a nonzero brane tension
is necessary for the modified Friedmann equation to be consistent with its low energy limit,
which is the conventional four dimensional Friedmann equation.
Another popular way to modify GR is to consider a scalar-tensor theory where the metric
tensor and its derivatives are coupled to a scalar field φ. In this context a healthy theory
is such that the Lagrangian doesn’t contain nondegenerate higher (than two) derivative
Lagrangian, which can suffer from the Ostrogradsky instability. The most general scalar-
tensor theory in four dimensional spacetime that produces second order field equations
is called the Horndeski theory. The Horndeski theory is built up from four Lagrangian
(Li, i = 2, 3, 4, 5). By appropriately choosing the parameters in each Lagrangian, well
known specific scalar-tensor Lagrangian can be recovered, such as quintessence [7], k-essence
[8], nonminimal derivative coupling (NMDC) [9, 10, 11, 12, 13], etc. are all contained in
Horndeski theory.
The theory has been discovered by Horndeski a long time ago in 1974 [14] but has gained
a lot of attention only recently in light of its equivalence to covariantization of Galileon
[15, 16, 17]. Galileon is a scalar field invariant under the ”Galilean” transformation φ →
φ + a + bµx
µ, where a, bµ are some constants. The Galileon is interesting because it has
been found that DGP braneworld model [18] which provides a self-accelerating cosmology,
under certain decoupling limit can be described as a scalar-tensor Lagrangian which has
second order field equations [19] and such that the scalar field possesses the aforementioned
”Galilean” symmetry [20].
As we have seen, braneworld model produces nonlinear matter term. Naturally, we can
ask whether action different from Einstein-Hilbert in braneworld model can produce another
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different nonlinear matter terms, or even the sought after Cardassian term. In particular,
in this article, cosmological model in a five dimensional braneworld model which action
originates from a general scalar-tensor theory comprises of various Horndeski Lagrangian
is investigated. There are several works along this line of research. Friedmann equations
resulting from braneworld model with Einstein-Hilbert Lagrangian have been obtained by
several authors a long time ago in 1999 (to name a few, see Refs. [21, 22, 23]). Dynamical
analysis and the effect of the dark radiation term have been investigated in [24]. Cosmology
in braneworld model with Lorentz invariant violation has been reported in [29]. Kaluza-
Klein brane cosmology has been considered in the case of one brane [30] and two brane [31].
Braneworld with minimal coupling bimetric cosmology has been considered in Ref. [32],
while the nonminimal coupling braneworld has been considered in Ref. [33]. A nonminimal
derivative coupling (NMDC) five dimensional braneworld model has been investigated by
several authors, e.g. in the case of time dependent scalar field [11, 34] or where the scalar
field is the function of extra dimension coordinate [35].
In the next section, the field equations for cosmology in the general scalar-tensor braneworld
theory will be derived. After that, we derive and analyze the consequences of the modified
Friedmann equations for the cases where the fifth Horndeski Lagrangian L5 is either strongly
or weakly coupled to the rest of the Lagrangian. For the strongly coupled case we have iden-
tified Cardassian terms ρn for n = ±1/2. In the weakly coupled case we found higher order
matter cubic term and the dark radiation-matter interaction term. Finally, as in Ref. [24]
for the case of braneworld model, we will investigate how those correction terms affect the
evolution of the universe through the Hubble diagram.
Before we continue, we would like to give a quick remark about the observational con-
straint on this theory. For example, gravitational wave observation GW170817 [25] has
confirmed that gravitational waves travel with the speed of light with deviation smaller
than 10−15. By using the language of effective field theory of dark energy, this measurement
implied some precise relations among the operators [26]. In particular, for example it can
be shown from the relations that L5 is excluded. However, it should be noted that the
energy scale of this event lie very close to typical cutoff of many DE models. Therefore,
the validity of this constraint is still a subject of debate, because the UV completion can
modify the speed of the gravitational waves [27]. Moreover, if we consider a possibility that
the speed of gravitational waves can vary in time, it can dynamically set to unity at present
without introducing any fine tuning between the operators in Horndeski[28]. By consider-
ing the previous ”loophole” it can be argued that even nontrivial contribution from L5 can
be compatible with the data [28]. In this regard, we will assume that L5 is not ruled out
convincingly by the gravitational waves experiment yet.
2 Setup and field equations
The setup is a braneworld model with the following metric
ds2 = gABdX
AdXB = qµνdx
µdxν + dy2, (5)
where y is the extra dimension coordinate (the brane is located at y = 0) and gAB , qµν is
the five and four dimensional metric respectively. The four dimensional metric reads
qµνdx
µdxν = −N2(t, y)dt2 + a2(t, y)γijdxidxj , (6)
where N is some function, a is scale factor, and γij is the three dimensional maximally sym-
metric space for which k = −1, 0, 1 refers to hyperbolic, flat and spherical space respectively.
Some words about notation, in this article braneworld model is 4 + 1 dimensional, where
the full spacetime coordinate is denoted as XA = (X0, X1, . . . , y ≡ X4), brane coordinate
as xµ = (x0, x1, . . . x3), and spatial coordinate as xi = (x1, x2, x3). We denote f˙ = df/dt
and f ′ = df/dy for some function f . Lastly, we will occasionally refer to R and (q)R for
example, as five and four dimensional Ricci scalar, and similarly for any other tensor.
The action in this model is
S =
∫
d5X
2κ25
√−g(R+ LH) + Sb, (7)
3
where κ25 ≡ 8piG5 is the five dimensional Einstein’s kappa constant, where the gravitational
constant is denoted by G5. LH is the five dimensional Horndeski Lagrangian
LH ≡
5∑
i=2
ξiLi, (8)
where ξi’s are the coupling constants while the Li’s are defined as follows
5∑
i=2
Li = G2(φ,X)
+G3(φ,X)φ
+G4(φ,X)R+G4X
[
(φ)2 − φABφAB
]
+G5(φ,X)GABφ
AB − 1
6
G5X
[
(φ)3 − 3(φ)φABφAB + 2φABφBCφCA
]
,
(9)
with an obvious classification for Li, where φA ≡ ∇Aφ, X ≡ ∇Aφ∇Aφ, and GiX = ∂Gi/∂X,
Giφ = ∂Gi/∂φ for i = 2, 3, 4, 5. In the definition above, Sb is the matter in the brane action
Sb =
∫
d4x
√−qLb[q, φ], (10)
which variation with respect to four dimensional metric, comprises of brane tension σ and
brane energy momentum tensor τµν
Sµν ≡ − 2√−q
δ
δqµν
(
√−qLb) = −σqµν + τµν . (11)
Perfect fluid is chosen as the brane energy momentum tensor.
In this section we will use variational method to obtain the field equations. In order to
do so, first we need to transform the Lagrangian (9) into geometric form, for which R, GAB ,
and φAB are translated into brane variables such as the brane Ricci scalar
(q)R and extrinsic
curvature Kµν = qµ
Aqν
B∇AnB , where nA is a normal vector with respect to the brane.
For the Einstein-Hilbert action, the result is the well known projection identity of Ricci
scalar [36]
R = (q)R+K2 −KABKAB + 2∇A(nB∇BnA − nA∇BnB), (12)
where in the braneworld case, the normal vector is spacelike nAn
A = 1. For the Horndeski
Lagrangian, the translation procedure has been carried out by Gleyzes, et al. [37] in the case
of four dimensional spacetime, where the ”brane” is taken to be the φ constant hypersurface.
In Ref. [37], the scalar field is assumed to be a function of t only, so the hypersurface consid-
ered in that paper is a time constant hypersurface. Interestingly enough, this procedure also
works in our case where our brane is a y constant hypersurface, if we assume that our scalar
field is a y only dependent function, φ = φ(y). Following the aforementioned procedure,
assuming φ = φ(y), the Horndeski Lagrangian (9) can be translated into a geometric form
as follows
5∑
i=2
Li = G2(φ,X)
− 2X3/2KF3X − F3φX
+G4
(q)R− (K2 −KABKAB)(2G4XX −G4) + 2G4φKX1/2
+
[
F5X
1/2
(
KAB(q)RAB − K
2
(q)R
)
+
X
2
(G5φ − F5φ) (q)R
+
X
2
G5φ(K
ABKAB −K2)
+
G5X
3
X3/2
(
K3 − 3KKABKAB + 2KABKACKCB
) ]
,
(13)
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where F3 and F5 are defined as follows
G3 ≡ F3 + 2XF3X ,
G5X ≡ F5X + F5
2X
,
(14)
and FiX = ∂Fi/∂X, Fiφ = ∂Fi/∂φ.
In the rest of this article, we derive the modified Friedmann equations for the Horndeski
Lagrangian (13), albeit with some assumptions. Firstly, for the reason that will be obvious
when we calculate the scalar field equation, let us assume that Giφ = 0, for i = 2, 3, 4, 5.
Next, as we will show, unlike the braneworld model with Einstein-Hilbert action [21], the
Friedmann equation resulting from a model that contains the L3 will be able to go back to
the conventional four dimensional Friedmann equation, even with zero brane tension. Thus
we set σ = 0 in our definition of brane matter action (11). In short, we consider the following
action
S =
∫
d5X
2κ25
√−g (R+ ξ2L2 + ξ3L3 + ξ4L4 + ξ5L5) + Sb
=
∫
d5X
2κ25
√−g
{
R+ ξ2G2 − 2ξ3φ′3KF3X
+ ξ4
(
G4
(q)R− (K2 −KµνKµν)(2G4Xφ′2 −G4)
)
+ ξ5
[
F5φ
′
(
Kµν (q)Rµν − K
2
(q)R
)
+
G5X
3
φ′3
(
K3 − 3KKµνKµν + 2KαβKαγKγβ
)]}
+ Sb.
(15)
3 Cardassian terms from strong coupling L5 Friedmann
equation
In this section we compute bulk field equations and the junction conditions for general action
(15). After that, we apply the strong L5 coupling condition to find the modified Friedmann
equations.
Let us first compute the scalar field equation. From the variation of (15) with respect
to φ we have
C(t) = −2ξ2a3NG2Xφ′ + 2ξ3φ′2
(
3F3X + 2φ
′2F3XX
)
(3a′a2N + a3N ′)
− 12ξ4
[
G4Xφ
′
(
kaN +
a¨a2
N
+
a˙2a
N
− N˙ a˙a
2
N2
)
− φ′ (2G4XXφ′2 +G4X) (a2a′N ′ + aa′2N)]
+ ξ5
[
3
(
2F5Xφ
′2 + F5
)(a′a˙2
N
− 2 a¨a
′a
N
+ ka′N + kaN ′ +
a˙2aN ′
N2
− 2a
′a˙aN˙
N2
)
+ 2φ′2
(
2G5XXφ
′2 + 3G5X
)
(a′3N + 3a′2aN ′)
]
,
(16)
where C(t) is some function. Notice now that our Giφ = 0 assumption has ensured that the
scalar field equation is a first order differential equation in φ.
Next, we will derive the yy and µy-field equations. To do that, we need to introduce
shift scalar b and shift vector bµ into our metric as follows [39]
ds2 = b2dy2 + qµν(dx
µ + bµdy)(dxν + bνdy). (17)
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Note that in this metric
X =
φ′2
b2
, (18)
Kµν =
1
2b
(
∂yqµν − (q)∇µbν − (q)∇νbµ
)
. (19)
After we have the field equations on our hand, we can set b = 1, bµ = 0 to obtain our original
metric (5). By varying the action (15) with respect to bµ, we obtain the µy-field equation.
From (19), we can see that bµ only appear in terms containing Kµν . After some algebra, it
can be shown that by assuming b constant, the ty-equation (µ = 0) can be solved by taking
a˙′ = a˙
N ′
N
. (20)
It is somewhat surprising that (20) is already the same solution that solve the ty-field
equation in braneworld Einstein-Hilbert cosmological model [22, 38]. Similarly, variation of
(15) with respect to b give us the yy-field equation
6
(
kaN +
a¨a2
N
+
a˙2a
N
− a˙N˙a
2
N2
− a′a2N ′ − a′2aN
)
+ ξ2a
3NG2
+ 6ξ4
[
G4
(
kaN +
a¨a2
N
+
a˙2a
N
− a˙N˙a
2
N2
)
+
(
2G4Xφ
′2 −G4
)
(a′a2N ′ + a′2aN)
]
− 4ξ5G5Xφ′3(a′3N + 3a′2aN ′) + C(t)φ′ = 0,
(21)
where we have used the definition of C(t) in (16) and set b = 1. At this point we can revert
back to our original metric (5).
Now we will derive the tt and ij-field equations from the variation of N and a respectively.
By varying the action with respect to N we have
6
(
ka+
a˙2a
N2
− a′′a2 − a′2a
)
+ ξ2a
3G2 + 2ξ3a
3φ′2φ′′
(
3F3X + 2φ
′2F3XX
)
+ 6ξ4
[ (
2G4Xφ
′2 −G4
) (
a′′a2 + a′2a
)
+G4
(
ka+
a˙2a
N4
)
+ 2a′a2φ′φ′′
(
2G4XXφ
′2 +G4X
) ]
+ ξ5
[
3
(
2F5Xφ
′2 + F5
) φ′′
b
(
ka+
a˙2a
N2
)
− 4G5Xφ′3(a′3 + 3aa′a′′)− 6a′2aφ′2φ′′
(
2G5XXφ
′2 + 3G5X
) ]
.
= 0.
(22)
The variation with respect to a that give us the ij-field equation, will be a pretty complicated
expression. On the other hand, because our ultimate purpose is not to solve the bulk
equations but rather to find the effective Friedmann equation on the brane, it will be clear
later that the sole purpose of the ij-field equation is to find the appropriate metric junction
condition on the brane. Hence in the following, we will only calculate the metric variable a
or N terms that is second order in the derivative of y. Thus by varying (15) with respect
to a, we find
− 6 (a2N ′′ + 2aa′′N)+ 6ξ4 (2G4Xφ′2 −G4) (2a′′aN + a2N ′′)
− 12ξ5G5Xφ′3
(
a′2N ′ + a′a′′N + aa′′N ′ + aa′N ′′
)
+ others = 0,
(23)
where ”others” refers to any other terms that contain φ′′ or first order (or less) derivative
of y.
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Basically, we have obtained all of the bulk field equations. To take the existence of brane
into consideration, we need junction conditions on the brane. First, note that the variation
of four dimensional brane action Sb with respect to some variable, let say a, contributes to
the five dimensional bulk field equations a term that looks like the following
δSb
δa
δ(y). (24)
A term like this, only comes into play when we evaluate the field equations on the brane,
where y = 0. We thus need to look for terms that contribute Dirac delta function δ(y) in
the bulk field equations.
Now, let φ′′(y = 0) = 0 so that φ′ is continuous on the brane. Notice that this was the
reason that we didn’t compute the terms that contain φ′′ in (23). On the other hand, we
only require the continuity of a and N so that neither a′ nor N ′ need to be continuous.
Thus a′′ and N ′′ will contain distributional part [a′′]D and [N ′′]D respectively as follows [22]
a′′ = [a′′]ND + [a′′]D, (25)
N ′′ = [N ′′]ND + [N ′′]D, (26)
while ND denotes the nondistributional part. For example if a′ = y2 + |y|, then [a′′]ND = 2y.
On the other hand, [a′′]D captures the discontinuity of a′ at y = 0 as follows [22]
[a′′]D =
[
a′(y = )− a′(y = −)
]
δ(y), (27)
for a small  > 0, and similarly for N . Finally, by considering the term from brane ac-
tion (24), we could integrate the tt and ij-field equations (22), (23) to obtain the junction
conditions for the metric
[
a′
a
BH − α˜
(
a′
a
)2 ]
y=0
= −κ
2
5
6
ρ, (28)
[(
2
a′
a
+
N ′
N
)
BH − α˜
[(
a′
a
)2
+ 2
a′
a
N ′
N
]]
y=0
=
κ25
2
p, (29)
where we have set σ = 0, applied the Z2 symmetry on the brane
a′(y = ) = −a′(y = −),
N ′(y = ) = −N ′(y = −), (30)
and used the following definition
BH ≡
[
1 + ξ4(G4 − 2G4Xφ′2)
]
, (31)
α˜ ≡ −2ξ5G5Xφ′3. (32)
It can be checked that the previous junction conditions (28), (29) satisfy the conservation
of energy momentum tensor
ρ˙+ 3
a˙
a
(ρ+ p) = 0. (33)
Finally, to derive the junction condition for the scalar field, consider again the scalar
field equation, but this time with the contribution from the brane action (24)
√−q ∂Lb
∂φ
δ(y)− d
dy
∂L
∂φ′
= 0. (34)
By integrating and applying the Z2 symmetry to (34) we have[
∂Lb
∂φ
]
y=0
=
[
2√−q
∂L
∂φ′
]
y=0
, (35)
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so that junction condition for scalar field simply say that brane Lagrangian Lb contains a
term `b[φ], which is defined as follows
`b[φ] ≡ φ
[
2√−q
∂L
∂φ′
]
y=0
. (36)
Now, assume that L5 Lagrangian is strongly coupled to the rest of the Lagrangian∣∣∣∣α˜a′a
∣∣∣∣ BH , (37)
so that the solution of the first junction condition for this model (28) can be approximated
by [
a′
a
]
y=0
=
(
β˜
α˜
)1/2
, (38)
where
β˜ ≡ κ
2
5
6
ρ. (39)
Now, following Binetruy, et al. [38], using (20), it can be shown that the yy (21) and tt
(22) field equations can be rewritten into first order differential equations
χ˙ =
a˙
3N
× ∂L
∂y
= 0,
χ′ =
a′
3
× ∂L
∂N
= 0,
(40)
where χ is defined through the following relation
H2
[
BH − α˜a
′
a
]
= − k
a2
[
BH − α˜a
′
a
]
−B1 a
′
a
−B2
(
a′
a
)2
−B3
(
a′
a
)3
+
χ
a4
−B0,
(41)
with the following definitions
B0 ≡ ξ2
12
(
G2 − 2G2Xφ′2
)
,
B1 ≡ 2
3
ξ3φ
′3(3F3X + 2φ′2F3XX),
B2 ≡ −
[
1− ξ4
(
4G4Xφ
′2 + 2G4XXφ′4 −G4
)]
,
B3 ≡ −2
3
ξ5φ
′3(2G5XXφ′2 + 5G5X).
(42)
Finally, from (41) and (38), we secure the Friedmann equation for the strongly coupled
L5
H2 = − k
a2
+
B1
α˜
+
(
κ25
6α˜3
)1/2
B2ρ
1/2 +
κ25
6α˜2
B3ρ−
(
6
α˜κ25
)1/2 ( χ
a4
−B0
)
ρ−1/2. (43)
From (43), we have shown that Horndeski Lagrangian (15) with strongly coupled L5
(37) is one of the specific bulk energy momentum tensor TAB in braneworld scenario [47]
that will generate Cardassian terms [45] ρn with n = ±1/2 in its four dimensional effective
Friedmann equations. Furthermore, the latest combined observational evidence in 2017 from
BAO, CMB, SNIa, fσ8, and H0 value observation, has given the following constraints for
the polytropic Cardassian (2) [48]
m = 1.1+0.8−0.4, n = 0.02
+0.25
−0.41, (44)
so that the n = −1/2 term lies quite close to the observed value. However, it should be
noted that the modified Friedmann equation (43) is more general than (2) and thus requires
a numerical evaluation on its own.
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4 Modified Friedmann equations for the weak L5 cou-
pling
In the previous section, we saw that the strongly coupled L5 case produced Cardassian terms
which is basically a lower energy correction for the matter term. In this section, we will see
how the weakly coupled L5 case generates among others the cubic matter term ρ3 which is
a high energy correction.
We start by assuming that L5 Lagrangian is weakly coupled to the rest of the Lagrangian
so that ξ5 is small and thus ξ
2
5 can be abandoned. Next, from (13), it can be seen that the L4
has an almost identical expression with R (12), differing only with some scalar field function
coefficients. Thus, in order to make our result tidier, we will also abandon L4. In the rest
of the section, we will identify the correction terms provided by the Friedmann equation
obtained from general scalar-tensor braneworld model (15) where the ξ4 = 0 and ξ5 is small.
Firstly, the junction conditions for ξ4 = 0 are[
a′
a
+ α
(
a′
a
)2 ]
y=0
= −κ
2
5
6
ρ, (45)
[
2
a′
a
+
N ′
N
+ α
[(
a′
a
)2
+ 2
a′
a
N ′
N
]]
y=0
=
κ25
2
p, (46)
where
α ≡ 2ξ5φ′3G5X . (47)
It can be checked that these junction conditions satisfy the conservation of energy momentum
tensor (33).
Now, assume that L5 Lagrangian is weakly coupled to the rest of the Lagrangian, so that
ξ5 is small. From (45), expansion of a
′/a to various order of α give us the explicit solution
for the junction conditions [
a′
a
]
y=0
= −κ
2
5
6
ρ
(
1 + α
κ25
6
ρ
)
. (48)
Next, analogous to (41) for ξ4 = 0 we have the following definition for χ
χ =
[
ka2 − (a′a)2 + (a˙a)
2
N2
]
+
ξ2
12
a4(G2 − 2G2Xφ′2) + 2
3
ξ3φ
′3a′a3(3F1X + 2φ′2F1XX)
+ 2ξ5φ
′3G5X(kaa′ + aa′a˙2)− 2
3
ξ5φ
′3aa′3(2G5XXφ′2 +G5X).
(49)
By evaluating (49) on the brane using junction conditions solution (48), we get the Fried-
mann equation for this model up to linear order of α
H2 = − k
a2
+
κ25
6
A1ρ+
κ45
36
A2ρ
2 +
κ65
216
A3ρ
3 +
χ
a4
(
1 +
ακ25
6
ρ
)
+A0, (50)
where N(y = 0) = 1 has been taken, and the following definitions have been used
A0 ≡ − ξ2
12
(G2 − 2G2Xφ′2),
A1 ≡ 2
3
ξ3φ
′3(3F3X + 2φ′2F3XX)− αξ2
12
(G2 − 2G2Xφ′2),
A2 ≡ 1 + 4α
3
ξ3φ
′3(3F3X + 2φ′2F3XX),
A3 ≡ 4
3
(
α− ξ5φ′5G5XX
)
.
(51)
For consistency, it can checked that by taking
ξ2 = −2κ25, ξ3, ξ5 = 0, G2 = Λ5, (52)
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the Friedmann equation in this model (50) go back to the braneworld Einstein-Hilbert model
(3) with σ = 0
H2 = − k
a2
+
κ45
36
ρ2 +
χ
a4
+
κ25
6
Λ5. (53)
This model Friedmann equation (50) contain some new correction terms which are not
present in the Einstein-Hilbert braneworld model (3). Firstly, notice that every terms coef-
ficient is some sort of function build from the scalar field. In fact, we can identify the four
dimensional Einstein’s kappa constant as follows
κ24
3
=
κ25
6
A1. (54)
From (54), it can be inferred that A−11 is proportional to radius of the extra dimension.
Next, we can see that in addition to quadratic matter term, we also have another high
energy correction term, the cubic matter. Interestingly, we also have a term proportional
to χa−4ρ which mediate the interaction between normal matter and the dark radiation.
This interaction though is small because α is small from the assumption that L5 is weakly
coupled. Lastly, as usual, we still have the cosmological constant term A0 coming from the
the scalar field φ evaluated on the brane. Therefore, assuming ξ2 < 0, in the cosmological
constant domination phase, the universe in this model is undergoing de Sitter expansion
a(t) = a0 exp
(√
A0t
)
. (55)
Also notice that for ξ2 > 0, the scale factor is oscillating: a(t) ∝ exp
(
i
√−A0t
)
.
Before finding the constraint for the value of A1, A2, and A3, we will transform the
Friedmann equation (50) into an explicit form in term of Hubble function. Define the
following density parameters
Ωρ,0 =
κ24
3
ρ0
H20
, Ωχ,0 =
χ
H20
, Ωk,0 = − k
H20
, ΩΛ,0 =
A0
H20
. (56)
In the previous definitions (56), ρ0 is the sum of radiation and dust, evaluated in the present
epoch
Ωρ,0 = Ωr,0 + Ωm,0, where Ωr,0 =
κ24
3
ρr,0
H20
, Ωm,0 =
κ24
3
ρm,0
H20
. (57)
Now, assuming that the spatial curvature of the universe is Ωk,0 = 0, in the epoch of
single matter domination with equation of state p = wρ, the Friedmann equation (50) can
be recast into
H(z) = H0
[
Ωρ,0(1 + z)
3(w+1) +H20A
−2
1 A2Ω
2
ρ,0(1 + z)
6(w+1)
+H40A
−3
1 A3Ω
3
ρ,0(1 + z)
9(w+1) + Ωχ,0(1 + z)
4
+ αH20A
−1
1 Ωχ,0Ωρ,0(1 + z)
(3w+7) + ΩΛ,0
]1/2
,
(58)
with z = a−1 − 1 is the redshift factor.
Now we are ready to constraint A1, A2, and A3 using big bang nucleosynthesis (BBN)
constraint. BBN constraint say that the contribution of high energy correction term (58)
must be negligible relative to the contribution of linear matter contribution before the BBN,
where zBBN ' 4× 108 [4]. Because when z = zBBN the universe is dominated by radiation,
Ωρ,0 ≈ Ωr,0, then BBN constraint give the following conditions
θ1 ≡
H20A
−2
1 A2Ω
2
r,0(1 + zBBN)
8
Ωr,0(1 + zBBN)4
= H20A
−2
1 A2Ωr,0(1 + zBBN)
4  1,
θ2 ≡
H40A
−3
1 A3Ω
3
r,0(1 + zBBN)
12
Ωr,0(1 + zBBN)4
= H40A
−3
1 A3Ω
2
r,0(1 + zBBN)
8  1.
(59)
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Note that both θ1 and θ2 are dimensionless. Now by taking H0 = 67 km s
−1 Mpc−1
≈ 2 · 10−18 s−1 (as in Ref. [40]) and Ωr,0 ≈ 5 · 10−5, in SI unit
θ1  1 =⇒ A−21 A2  105,
θ2  2 =⇒ A−31 A3  1011.
(60)
From definition (51) and small α condition, then A2 ≈ 1 s2 m−2. Thus from the condition
of small θ1, we have A1  10−2.5 m−1. Now, because from (54) A−11 is proportional to extra
dimension radius, it can be inferred that the condition for θ1 simply says that the extra
dimension radius must be smaller than 102.5 m, which is a natural condition.
Similarly, condition for θ2 gives the upper bound for A3, that is A3  1011A31. In
principle, the radius of extra dimension can be very small, even as small as M−1P as in
Randall-Sundrum I model [5]. Therefore A1 can have an arbitrarily high value. For example,
if we take A1 ≈ 10−2 m−1, condition for θ2 gives us the condition that A3  102 s2 m−2.
From the definition of A3 (51), the previous condition is a natural one, because in this model
we assume that α is small. In conclusion, this model provides the high energy correction
term and supports the BBN process.
This characteristic is not so common, and in fact, is not shared by the braneworld
Einstein-Hilbert model (3). The Friedmann equation in that model for k = 0 can be recast
into
H = H0
[
Ωρ,0(1 + z)
3(1+w) +
3H20
2κ24σ
Ω2ρ,0(1 + z)
6(1+w) + Ωχ,0(1 + z)
4 + ΩΛ,0
]1/2
, (61)
with the following identification
κ24
3
=
κ45σ
18
,
ΩΛ,0 =
κ25
6
(
κ25σ
2
6
+ Λ5
)
.
(62)
BBN condition for this model requires an unnaturally high value of brane tension
σ  3H
2
0
2κ24
Ωr,0(1 + zBBN)
4 ≈ 1020 kg
m s2
. (63)
To close this section, we will give a visualization of how the dark radiation might affect
the evolution of the universe. In principle, dark radiation is just an ordinary radiation, but
this time with no requirement for the value to be nonnegative. This in fact, can make the
total sum of energy density parameter of the other component of the universe to be greater
than one even in a flat universe. To be more precise, consider the following models
HEH(z) = H0
[
Ωm,0(1 + z)
3 + ΩΛ,0
]1/2
,
HBW(z) = H0
[
Ωm,0(1 + z)
3 +
3H20
2κ24σ
Ω2m,0(1 + z)
6 + Ωχ,0(1 + z)
4 + ΩΛ,0
]1/2
,
HHD(z) = H0
[
Ωm,0(1 + z)
3 +H20A
−2
1 A2Ω
2
m,0(1 + z)
6 +H40A
−3
1 A3Ω
3
m,0(1 + z)
9
+ Ωχ,0(1 + z)
4 + αH20A
−1
1 Ωχ,0Ωm,0(1 + z)
7 + ΩΛ,0
]1/2
,
(64)
whereHEH(z), HBW(z), andHHD(z) refer to conventional four dimensional model, braneworld
model with Einstein-Hilbert action (3), and general scalar-tensor braneworld model (50). In
those expressions, we also have assumed that Ωk,0 = 0 and Ωr,0 = 0
The previous models will be compared with Nobs = 192 SNIa data compiled by Davis,
et al. in 2007 [41, 42, 43]. Observation data are given in terms of modulus distance (µ)
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Figure 1: Comparison of Hubble diagram for conventional four dimensional model (EH),
braneworld Einstein-Hilbert model (BW), and general scalar-tensor braneworld model (HD) with
SNIa data, Davis, et al.(2007) [41, 42, 43]. For EH, we use the cosmological parameter from
Planck 2015 [40] H0 = 67 km s
−1 Mpc−1, Ωm,0 = 0.308, ΩΛ,0 = 0.692. For BW and HD, we use
H0 = 66.157 km s
−1 Mpc−1, Ωm,0 = 0.3453, ΩΛ,0 = 0.6568 and ΩE,0 = −0.03. The numerical value
for the rest are A1, A3, α = 10
−3, A2 = 1, and σ = 1022. The chi-square value χ2 for EH, BW and
HD are 207.8483, 197.1633, and 197.1633 respectively. By taking N = 192− 4 = 188, the value of
χ2N−1 for EH, BW and HD are 1.1056, 1.0487, 1.0487 respectively.
against redshift (z). From the various expressions for H(z) in (64), the modulus distance
can be calculated as follows
µ(z) = 5 log
[
(1 + z)c
10 pc
∫ z
0
dz′
H(z′)
]
, (65)
where c is the speed of light in vacuum and pc is parsec. A good model is one with
χ2N−1 ≈ 1, where the chi-squared error χ2 is defined as follows [44]
χ2 =
Nobs∑
i=1
[µ(zi)− µobs(zi)]2
σ2i
, (66)
where µobs(zi) is the modulus distance obtained from observation for redshift factor z = zi
and error σi, while N is the difference between number of data Nobs with the free parameter
of the model. The difference between evolution of the three models (64) and the observational
data is given in figure 1.
It should be noted that supernova is a phenomenon with a low z. For example, the
data used in this article has zmax = 1.8. Thus the high energy correction terms provided
by modified Friedmann equation can’t be detected via supernova observation. It can also
be inferred that, practically all the three models only have three free parameters H0, Ωm,0,
and ΩΛ,0, while ΩE,0 can be approximated from ΩE,0 ≈ 1− Ωm,0 − ΩΛ,0. From the Hubble
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diagram of figure 1, it can be seen that braneworld Einstein-Hilbert (3) and general scalar-
tensor braneworld model (50) that has different high order correction, can’t be distinguished.
Meanwhile, the four dimensional conventional model can be distinguished from the others
by the contribution of dark radiation term Ωχ,0.
5 Conclusion and outlook
A braneworld cosmological model in general scalar-tensor action comprises of various Horn-
deski Lagrangian have been investigated. The derivation of the corresponding field equations
has been given. The resulting Friedmann equation in this model, in the case of strongly
coupled L5 model produces the Cardassian term ρn with n = ±1/2, which can served as
alternative explanation for the accelerated expansion phase of the universe. The latest com-
bined observational facts from BAO, CMB, SNIa, fσ8 , and H0 value observation, suggest
that the n = −1/2 term lies quite close to the constrained value. On the other hand,
the weakly coupled L5 case has several new correction terms, e.g. the cubic term ρ3 and
the dark radiation-matter interaction term ∝ χa−4ρ. Furthermore, this model provides
a cosmological constant constructed from the bulk scalar field, requires no brane tension,
and supports the BBN constraint naturally. For the future works, on the computational
side it is interesting to consider a parameter numerical fitting for the specific Cardassian
model provided in this paper (43). On the other hand, one might be interested to consider
braneworld cosmological model with a more general action than Horndeski, for example the
beyond Horndeski model or Proca theory.
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